The general class of Robinson-Trautman metrics that describe gravitational radiation in the exterior of bounded sources in four space-time dimensions is shown to admit zero curvature formulation in terms of appropriately chosen two-dimensional gauge connections. The result, which is valid for either type II or III metrics, implies that the gravitational analogue of the Lienard-Wiechert fields of Maxwell equations form a new integrable sector of Einstein equations for any value of the cosmological constant. The method of investigation is similar to that used for integrating the Ricci flow in two dimensions. The zero modes of the gauge symmetry (factored by the center) generate Kac's K 2 simple Lie algebra with infinite growth.
The theory of gravitational waves is an old subject. The existence of general asymptotically flat radiative space-times and the explicit construction of various classes of solutions have received considerable attention over the years. They have several applications that serve as testing bed for the physical properties of gravitation. Spherical gravitational waves are quite interesting in this respect, as they are thought to represent an isolated gravitationally radiating system. Yet, there has been no systematic way to understand the algebraic structure of the non-linear equations that govern their propagation in vacuum, apart from global considerations and the behavior of solutions in the asymptotic future. A few explicit solutions are also known to this day. It is the purpose of the present work to provide a new formulation of the problem by casting the corresponding sector of Einstein equations into zero curvature form, thus making a decisive step toward their integration. The mathematical framework that achieves this purpose points to the relevance of a novel class of infinite dimensional Lie algebras that might be of more general value in dynamical gravitational problems.
Recall that the most general gravitational vacuum solution in four space-time dimensions which admits a geodesic, shear-free, twist-free (but diverging) null congruence is described by the class of Robinson-Trautman metrics with line element, [1, 2] ,
where H(z,z; t) has the special form
The affine parameter r varies along the rays of the repeated null eigenvector and t is a retarded time coordinate. Closed surfaces of constant r and t represent distorted two-dimensional spheres Σ with metric coefficient given by Φ(z,z; t) in the system of conformally flat coordinates (z,z). The parameter m(t), which in some cases represents the physical mass of the system, can be set equal to a constant when differs from zero; in the sequel m is taken positive and set equal to 1/3 by appropriate relabeling of the null hyper-surfaces in the Robinson-Trautman class of metrics. The special case m = 0 will be considered separately at the end. Finally, Λ is the value of the cosmological constant in space-time, which can be positive, negative or zero depending on the physical circumstances.
There is a close analogy between the Lienard-Wiechert fields of Maxwell equations and the Robinson-Trautman metrics of Einstein equations for they both admit a principal null vector field which is geodesic, shear and twist free with non-vanishing divergence, thus giving a more intuitive meaning to the general ansatz for the metrics above, [3] . In the gravitational case, the field equations imply that all vacuum solutions in this class with cosmological constant Λ satisfy the following parabolic fourth order differential equation for the unknown function Φ,
where ∆ = exp(−Φ)∂∂ denotes the Laplace-Beltrami operator on the distorted twodimensional spheres Σ. Note that this non-linear equation, which is named after Robinson and Trautman, is not sensitive to the value of Λ. Its time dependent solutions can be employed for the propagation of spherical gravitational waves in vacuum, although the strict sense of the word spherical symmetry will automatically imply that the metric is static. Thus, it is more appropriate to think of such metrics as describing gravitational radiation outside some bounded region.
Its fixed point solutions include the static Schwartzschild metric with mass m (written in Eddington-Filkenstein frame) to which infinitely many trajectories tend in the asymptotic future. Approximate solutions were first obtained by perturbing the Schwartzschild metric so that the geometry of the two-dimensional slices Σ represents distorted (e.g., axially symmetric) configurations in multi-pole expansion. It follows, in the linearized approximation to equation (3) , that small perturbations associated to spherical harmonics with angular momentum l ≥ 2 decay exponentially fast by inducing quadrapole and higher order pole radiation, and the configuration settles back to the round sphere as t → ∞, [4] . Subsequently, it was found that all dynamical solutions exhibit Lyapunov stability using the quadratic curvature functional
where R is the Ricci scalar curvature of Σ and dσ its volume element, [5] . L(t) decreases monotonically with time and the critical point, where it assumes its extremal value, is the round sphere corresponding to the Schwartzschild solution. Finally, the (semi)-global existence and convergence of solutions with smooth initial data has been established in all generality, following similar arguments to the long time existence and convergence of solutions to the normalized Ricci flow, thus establishing the universal limiting character of all asymptotically flat Robinson-Trautman metrics, [6] ; see also references [7] for related earlier work. Generalizations to space-times with non-vanishing cosmological constant have also been considered in the literature, [8] .
The Robinson-Trautman equation also arose independently in mathematics while considering the notion of extremal metrics on compact Kähler spaces K, [9] . Using Kähler coordinates (z a ,z a ), the following deformation equation was introduced for the metric g ab with Ricci scalar curvature R,
The quadratic curvature functional (4), which is in general defined over the Kähler manifold K, decreases monotonically under the flow and its minimum defines extremal metric on it. When certain obstructions vanish, [10] , the extremal metric is canonical in that its curvature is constant. The equation (5) is also known in the literature as Calabi flow and for one-dimensional complex Kähler spaces, in particular, it coincides with the main equation (3), as first noted in reference [11] . In this context, the convergence of the Robinson-Trautman metrics to the Schwartzschild solution in the asymptotic future implies that the extremal metric on a two-dimensional sphere is the round one.
Next, we sketch the algebraic framework that casts the Robinson-Trautman equation into zero curvature form. Let us introduce an infinite dimensional algebra whose local part is spanned by six different elements H i (t), X ± i (t) with the index i taking the values 0 and 1. These generators depend on a continuous real variable t and assumed to obey the basic system of commutation relations
where c is an arbitrary real constant; its physical meaning will become clear later. The remaining set of basic commutation relations are taken to be trivial, that is impose
It can be verified that the commutation relations above are consistent with the Jacobi identities for all values of c.
The algebra can be enlarged further by taking successive commutators among its basic generators
, that give rise to new elements, as in the simpler case of Kac-Moody algebras where X ± i act as creation and annihilation operators in the Verma module representations; in that context H i are the Cartan generators of the commutative subalgebra. The structure of the higher commutation relations can be in principle established working order by order and requiring consistency with the Jacobi identities. However, there are compelling reasons to believe that the complete characterization of all elements of the algebra at hand, together with their commutations relations, is a very difficult task. As will be seen later, its zero modes (factored by the center) generate Kac's K 2 algebra, which is the most elementary example of infinite dimensional simple Lie algebras with infinite growth. Also, a simpler version of this algebra will be encountered later in a different -yet related problem -and it grows exponentially fast beyond the local part. Despite these limitations, which are also common to hyperbolic Kac-Moody algebras, the zero curvature formulation of the Robinson-Trautman equation can be established by choosing gauge connections with values only in the local part.
An alternative description of the same algebraic structure is obtained by smearing all generators by appropriate smooth functions of compact support, ϕ(t), and integrating over the entire range of t,
as commonly used in the theory of distributions and in the current algebras of quantum field theory. Then, the above system of commutation relation takes the form
and
The prime here denotes derivative with respect to the continuous index t.
It is more convenient to use the latter form and introduce gauge connections on the two-dimensional space Σ taking values in this infinite dimensional algebra. Postulating the zero curvature condition
where the two components of the gauge connection A ± are taken to depend on four functions f , g, Φ and Ψ of z,z and t in the following way,
we arrive at a consistent system of coupled differential equations for the unknown functions. The computation of F zz gives rise to various terms taking values in linear span of the generators H 0 , H 1 , X − 1 and X − 0 alone. These are required to vanish separately by the zero curvature condition (11) and they lead, respectively, to the four equations
provided that the constant c in the commutation relations is chosen to be 1.
Eliminating f = ∂Φ from the first equation, it follows that
Also, eliminating f from the very last equation, it follows that ∂ t g = −∂Ψ, which upon substitution into the t-derivative of second equation yields
Note that according to equation (14) , the variable Ψ is minus the Ricci scalar curvature of the two-dimensional line element on Σ,
which has spherical topology and sits inside the Robinson-Trautman metric. When Ψ is eliminated from the combined system (14) and (15), one readily obtains ∂ t Φ = −∆∆Φ, which is the same as (3). Thus, the Robinson-Trautman equation arises as zero curvature condition F zz = 0 on the two-dimensional space of constant (r, t) slices. The infinite dimensional algebra where the gauge connections assume their values is quite novel and has not been considered in the physics or mathematics literature before, to the best of our knowledge. It certainly deserves further study in order to be able to construct explicitly conserved integrals of the equation and present its general solution by Bäcklund transformations.
The situation is reminiscent, though is more complicated now, to the algebraic description of the Ricci flow in two dimensions using conformally flat (Kähler) coordinates. In that case, the evolution equation ∂ t g zz = −R zz for the t-dependent class of metrics (16) reads ∂ t Φ = ∆Φ. As shown in [12, 13] , the Ricci flow in two dimensions admits a zero curvature formulation, as in equation (11) above, choosing two-dimensional gauge connections of the form
where ∂ t Ψ = −∂Φ. It was further assumed that the elements H, X ± generate the local part of an infinite dimensional Lie algebra with basic commutation relation given (in smeared form) by
They provide the local part of a novel infinite dimensional algebra with anti-symmetric Cartan kernel K(t, t ′ ) = ∂ t δ(t − t ′ ), due to the parabolic nature of the Ricci flow in time, whose completion by successive commutation of X + 's and X − 's yields a graded algebra with exponentially fast growth, [14] .
The Robinson-Trautman equation or Calabi flow, as it is also known in the mathematics literature, is a parabolic fourth order differential equation that is formally related to the second order Ricci flow by simply taking the square root of the t-derivative operator. It can be easily seen how this procedure works and changes the order of the equations accordingly. Consider, in particular, the abstract super-evolution Ricci type flow
where F (z,z; t, θ) = Φ(z,z; t) + θΨ(z,z; t) is a mixed superfield with bosonic components Φ and Ψ and D = ∂/∂θ−θ∂/∂t is the superderivative in (1, 1) superspace with coordinates (t, θ), so that θ 2 = 0 and D 2 = −∂/∂t. Expanding expF = (1 + θΨ)expΦ and comparing the even and odd parts of the super-flow (19), one immediately arrives at the system (14) and (15) that amount to the Robinson-Trautman equation for the variable Φ. Note on the side that the procedure of taking the square root of the time derivative operator might be of more general value relating other pairs of second and fourth order parabolic equations.
According to this observation, it is natural to expect that there is an infinite dimensional superalgebra at work, which generalizes the commutation relations (18) and accounts for the (seemingly ad hoc) choice of the bosonic algebra (9) and (10) used in the theory of spherical gravitational waves. By the same token, it is also natural to expect that the general solution can be obtained in closed form using group theoretical methods similar to those employed for the Ricci flow, [12, 13] . It should be emphasized in both cases that the parabolic nature of the equations, which tend to dissipate curvature perturbations from the canonical form of the metric, is not in contradiction with their integrability. The latter refers to their zero curvature description in two dimensional spaces with local coordinates (z,z), whereas the deformation variable t is treated differently by accommodating it into the structure of the Lie algebra where the gauge connections take values. The reciprocity of our description is common to other examples of non-linear differential equations. Note, however, that the underlying algebras do not necessarily possess a non-zero invariant bilinear form, in contrast to the case of Kac-Moody algebras with symmetrizable Cartan matrices. Thus, the exact mathematical meaning of integrability and the construction of conserved integrals in two dimensions present some challenging questions. Further details on these issues will be given elsewhere, [15] .
We turn now to the special case of Robinson-Trautman metrics with mass parameter m = 0 for which the main equation (3) simplifies to
Equivalently, it can be stated as ∆Φ(z,z; t) = χ(z, t) +χ(z; t), where χ andχ are holomorphic and anti-holomorphic functions, respectively, that are complex conjugate to each other. Note here that t appears as spectator with no apparent role in the dynamics. This class of solutions is naturally related to Nirenberg's mathematical problem for finding metrics of prescribed curvature on S 2 , since R[S 2 ] = −∆Φ; see, for instance, [16] , for a recent approach based on flows. The zero curvature formulation of equation (20) is slightly different as it requires the choice of gauge connections (12) taking values in the infinite dimensional algebra (9), (10) with parameter c = 0. This, in turn, implies that the resulting system is the same as in equation (13) given above, apart from the component∂g = expΦ that is now replaced by∂g = 0. Eliminating f and g, as before, it follows
that yield equation (20) as required. Finally, note that the one-parameter family of holomorphic functions g and χ are simply related to each other by ∂χ = −∂ t g.
In conclusion, it is instructive to compare our results with other works on the integration of the Robinson-Trautman equation by prolongation methods. Type II solutions (in terms of Petrov classification), which are the generic examples when the mass parameter m = 0, have resisted all previous attempts with the exception of some partial (yet inconclusive) results described in reference [17] . On the other hand, type III solutions, which have m = 0, have been more tractable by such methods. The corresponding metrics were shown to exhibit a rich prolongation structure given by the simple infinite dimensional algebra K 2 (in Kac's notation), [18] . This result fits nicely into the algebra (9), (10) with c = 0, since the zero modes of the currents H i (t), X ± i (t) form the local part of K 2 algebra. Introducing the change of basis
it easily follows that the zero modes of the currents, without t-dependence, satisfy the basic system of commutation relations
with h given by the zero mode of H 0 . These are precisely the defining relations for the local part of the algebra K 2 , [19] , whereas the zero mode of the generator H 1 commutes with the rest and decouples.
For type II metrics with mass parameter m, the commutation relations (9), (10) have c = 3m, in which case the zero mode of the current H 1 generates the center of the algebra with coefficient (central charge) c. Thus, K 2 also describes the algebra of the zero modes of the currents in type II situations provided that the one-dimensional center is factored out. In either case, the infinite dimensional algebra we introduced in this paper is much larger, as it includes an infinite number of Fourier modes, and (apparently) provides the minimal choice for establishing the zero curvature formulation of the Robinson-Trautman equation for spherical gravitational waves in vacuum for all values of the mass parameter and the cosmological constant.
It will be interesting to see how the results may generalize to Einstein-Maxwell theory. Particular interest also present the generalizations in the presence of additional massless fields that arise in string theory, [20] , and their possible implications for the gravity/gauge correspondence beyond the plane wave limit.
